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Abstract

Stochastic programming is used to optimize decisions when there exist uncertain parameters, represented as probability distri-
butions. In this work we are interested in stochastic programming problems where additional information about these uncertain
parameters is revealed incrementally. In such cases, the probability distributions for the stochastic input parameters get updated.
We deploy a data-driven approach that uses machine learning and common statistical distance measures, such as Kullback-Leibler
divergence, total variation distance, and Wasserstein distance, to predict how changes in probability distribution updates impact
the outputs of stochastic optimization models, i.e., on the optimal decision variable values and the associated objective function
values. Statistical analysis of results from a computational study using a specific two-stage stochastic mixed integer optimization
model illustrates that a combination of statistical distance measures and other input parameter data can be used to predict changes
in objective function values, and optimal first stage decision variable values. Specifically, for this study, the statistical distance
method that is most useful at predicting changes is different depending on the dependent variable.
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1. Introduction

Probability distributions are used to represent the possible values of uncertain input parameters in stochastic program-
ming. In this work we are interested in stochastic programming problems where additional information about input
parameters, but specifically uncertain parameters, is revealed incrementally. In such cases, a stochastic optimization
model could be solved dynamically as new information about uncertain parameters becomes available. Yet, when
the solve time is large, it would be useful to understand the impact of changing input information on the stochastic
optimization model’s outputs. Such prediction capabilities could guide whether the model needs to be resolved or not.
Further, if additional data collection is costly, the ability to predict the impact of changes to stochastic inputs to the
model’s outputs can also help guide the collection of additional targeted data.

The goals of this paper are to explore if we can predict how changes to uncertain parameters’ probability distributions
affect changes to a stochastic optimization model’s output, and which input parameters have the most influence on
the predictions. To do so, we conduct a computational study to investigate if established statistical distance measures,
specifically Kullback-Leibler divergence, Wasserstein distance, and total variation distance, combined with changes
to other deterministic input parameters, can be used as inputs to a machine learning method that predicts impacts to a
stochastic optimization model’s outputs. We also explore which statistical distance measure is best at predicting the
changes to the output when the underlying probability distributions for the uncertain parameters are changed, and what
has the most influence on these predictions.

The rest of the paper is organized as follows. Section [2]is a review of relevant literature. Section [3| describes our
computational study. Section ] presents our results and answers to our motivating research questions.

2. Literature Review

Stochastic input uncertainty and its impact on model outputs is a well-studied area in stochastic simulations, see [[1]] for
a broad review of research in stochastic simulation under input uncertainty and sensitivity analysis for input certainty
reduction. An illustrative example is [2], which creates a distributionally robust stratified sampling approach to handle
stochastic simulation under input uncertainty. Their work uses statistical distance measures such as the Wasserstein
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distance and the L;-norm to frame a robust optimization approach that minimizes the maximum of the worst-case
estimator variances and builds ambiguity sets for stochastic simulation. They test their approach by comparing the
different levels of variance reduction when using the different ambiguity sets. In [3]], the impact of input uncertainty
on stochastic simulations is quantified through an upper-bound and a lower-bound for the worst-case expected perfor-
mance by using a robust simulation method and a ranking and sampling method. These bounds are shown to be related
to statistical distance measures between the nominal and worst-case probability distributions.

We focus the remainder of the literature review on stochastic input uncertainty quantification associated with stochas-
tic optimization models. [4] analytically examines the behavior of stochastic programming problems when there are
perturbations in the probability distributions of the uncertain data used in the model. This work looks at quantitative
stability of a stochastic programming problem (without integer variables), i.e., how much the optimal solution changes
when the input parameters are slightly perturbed. The approach assumes that the probability distribution is an ele-
ment of a metrized space of probability measures, with some topological requirements. [5] investigates the worst-case
approach to approximating error in the objective function of a stochastic program. That work uses Kullback-Leibler
divergence to measure model misspecification and measure the worst-case performance impacts of such misspecifi-
cations, but notably they do not resolve the optimization model nor do they look at the changes in the solution to the
optimization model. Broadly speaking, these works take an analytical approach to measuring the effects of changes in
the probability distributions used in stochastic optimization.

In contrast, [6] uses a data-driven approach to solving stochastic optimization problems that have distributional am-
biguity. The observed stochastic costs are used to construct confidence regions for estimators. These estimators then
approximate a solution to the stochastic programming problem. The reported computational results show that this
approach provides a better estimate of the objective function value of the baseline model than Bayesian and robust op-
timization methods. [7]] examines a distributionally robust stochastic optimization (DRSO) problem, an optimization
under uncertainty problem that seeks to find the best hedge against a set of probability distributions. Their data-driven
DRSO approach using a dual formulation yields a worst-case distribution, which can be connected with robust opti-
mization methods. The authors also look at different statistical distance measures, and discuss why some measures
have shortcomings with their DRSO approach.

Our work has similar motivations and components to these papers, but wants to use the statistical distance measures as
the estimators for a stochastic optimization model’s output. Specifically, here we are interested in understanding the
effect of the changes in the probability distribution(s) on the solutions and the objective function values of stochastic
mixed integer linear programs (MILPs) where both the objective function and the constraints are stochastic in nature.
As such, it is difficult to employ analytical methods to evaluate the impact of changes in the underlying probability
distributions on the solution and the associated optimal value of the objective function. Hence, there is room for a
general, numerical approach that can predict changes to model’s output by using statistical distance measures.

3. Computational Study

We design a computational study to answer two primary research questions.

1. Given that there are several established statistical distance measures as noted in [8], when used in prediction
algorithms, which one of these measures provides the best estimate on how changes to stochastic inputs influence
changes to the objective function or the decision variable value of the solved stochastic optimization model?

2. Which features have the most influence on the prediction?

3.1 Stochastic Optimization Model and Input Parameter Generation

For this computational study, we consider a specific stochastic MILP used to optimize production decisions and for-
mulate it as a scenario-based approach [9]. The problem determines, which out of a large set of potential products to
launch, and the initial quantity to produce of launched products that maximizes a manufacturing firm’s expected prof-
its in the face of uncertain demand. The demand for each of the potential products is uncertain and through different
forecasting techniques can be represented as a probability distribution. The firm’s decisions are also influenced by
other input parameters, such as the product’s production costs, resource consumption, and profits, which are assumed
deterministic input parameters. In what follows, we describe the sets, input parameters, decision variables, objective
function, and constraints, and also describe how we set these input parameters in our computational study.
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Table 1: Deterministic Input Parameters’ Notation, Description, and Computational Study Data Generation

Input Parameter

Description

Data Generation

A;
B;

F;
Gi,q
Hy s
Jg.s
P,

fixed cost to start production of product i € /
disposal cost per excess unit of product i € /
profit per unit of product i € [
amount of resource g € Q used in product i € /
amount of resource g € Q available for production at stage s € S
cost per unit of resource g € Q for production at stage s € S
probability of scenario w € W happening

~U[0.1,5]
~ U[0.0001,0.005]
~ U[0.05,0.6]
~U[0.001,0.05]
~U[0.05,5]
~ U[0.0001,0.005]
[0.25,0.25, 0.25, 0.25]

Sets:

e [ := set of potential products. In our experiments, we consider |I| = 4 products.

e O := set of resources. In our experiments, we consider |Q| = 5 resources.

e §:= set of stages. In our experiments, we consider |S| = 2 stages, initial and expedited.

e W := set of scenarios. In our experiments, we consider |W| = 100 scenarios.

Input Parameters:

e Stochastic Input Parameters: D;,, := demand of potential product i € I in scenario w € W, D;,, ~ p;, fori €[

forweWw.

e In Table[I] we provide the deterministic input parameters.

Decision Variables:

e y; := 1 if the firm decides to launch new product i € I, 0 otherwise.

e x; := how much to make for the first-stage batch of new product i € /.

® 7;, := how much to make for the second-stage batch of new product i € I after demand is known in scenario

weW.

s;w := amount of product i € I sold in scenariow € W.

e ¢;,, := amount of excess product i € / in scenariow € W.

Max Y —Ayi— Y (Y (J1Gigxi))+ Y, Pu(Y (—einBi+sinFi—0- Y, (J42Gigziw)))

icl
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Equation is the objective function and maximizes expected profit. The first two terms capture the fixed costs to
launch a product and the cost to produce the launched products in the first-stage, which needs to occur before demand
is known. The last term represents the expected profits of the second stage decisions, which capture excess product
costs, profit of sold products, and expedited second-stage production costs which are multiplied by O = 3 to make it
more costly to produce. Constraint (2) enforces the company only produces products if the decision is made to launch
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the product, with M being a sufficiently large number. Constraint (3) is an upper limit to how much of any product can
be produced in the first-stage given the availability of resources. Constraint (@) enforces that only products flagged for
launch will be made in the expedited production run. Constraint () enforces the upper bounds of a product’s expedited
production run in the second-stage but adds any leftover resources not used in the initial run. Constraints (6) and (7))
set the upper bounds of how much of product i is sold for profit. Constraint (8)) captures the disposal costs, in that the
lower bound of e; ,, is either O or the amount of product i made in both stages minus the demand for product i. Note
that since Equation (I is to maximize profit and that —e; ,,B; has a negative sign, the model will try to make e;,, as
low as possible to reduce disposal costs.

In our computational experiments, each time we solve the model with new input parameter values, we denote it as a
replication. We generate the deterministic input parameters by drawing a new sample for each replication from the
distributions as displayed in Table[I] For the stochastic input parameters, we capture that each of the potential prod-
ucts’ demands can be represented as a probability distribution p;, and we assume p; can be represented as a metalog
distribution [10]. Thus, we obtain D;,, by sampling from product i’s specific metalog distribution, p;. We generate
a different metalog distribution in our computation experiments by drawing five random samples from U0, 100] and
then sorting them and mapping them to the corresponding set of probabilities of [0.25,0.33,0.50,0.66,0.75]. These
five samples are fit to a metalog distribution. In our computational experiments, we set a static, default metalog distri-
bution for each of the 4 products, and then we change one product’s metalog distribution while leaving the other three
products the same. For each product, we create 10 different metalog distributions. With 4 products, this results in 40
separate replications. We solve the stochastic model for each of these 40 replications using Gurobi 12.0.0, called using
the Pyomo library in Python.

3.2 Prediction Data Set and Random Forest Regression Prediction Methodology

Given the goal of this paper is to understand the impact of changes of input model parameters to model outputs, we
generate a new data set that records all pairwise combinations of the 40 replication runs. This results in a prediction
data set of (420) different pairwise combinations. For each row of this data set, we know the values for each of the input
parameters, and the outputs of the solved optimization model, and we use this data to calculate our independent and
dependent variables used in our prediction algorithm.

Specifically, for independent variables, we calculate for each pairwise combination, statistical distance measures for
each of the products’ stochastic input parameters. Statistical distance measures quantify how much two probability
distributions diverge from one another, with common measures described in [8]. Generally smaller values indicate that
the two probability distributions are similar, while larger values mean that the two are different. In our computational
experiments, we use Wasserstein distance, Kullback-Leibler divergence, and total variation distance measures. Thus,
for each of these three statistical measures, we calculate the statistical distance for product i probability distributions
in replications » and v, with ,v € R and r # v. The statistical distance measurements of replications r and v for product
i € I are represented by WD for Wasserstein distance, KL;” for Kullback-Leibler divergence, and TVD;" for total
variation distance.

We also consider the impact on the change in the deterministic input parameters in our prediction. Our set of indepen-
dent variables consist of: A; — A}, B; =B}, F —F", G; ,— G}, H; ; —Hj , J; ;. — Fj . plus the previously described
statistical distance measures.

The variables we are interested in predicting are (i) the change in objective function values, and (ii) the change in first-
stage decision variables. Thus with replications r and v, r # v, in (i) we define our dependent variable as f,. — f,, and in
(ii) we consider two separate dependent variables, |y — 5| and |y} —y}|. We examine y, and y4 in our computational
experiments, because their optimal values varied from replications, whereas in all the replications, y; = 0 and y3 = 1.

We use a random forest regression model to make predictions, and do so by deploying the scikit learn Python library.
For each of our defined dependent variables, we create four separate random forest regression models that consider
all the deterministic independent variables and plus each of the previously described statistical distance measures, as
well as a model that includes all three measures. To create and test our prediction, 80% of the pairwise data set is used
for training while 20% is used for testing. When splitting the data into training and test sets with the train_test_split
function from the scikit learn Python library, we ensure for reproducibility that the same splits are generated. We then
calculate the permutation feature importance for each regression model to give a value for how much influence each
independent variable has on the prediction.
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4. Results

In this section we present the results from our computational study, organized by subsections corresponding to our
previously defined research questions.

4.1 Statistical Distance Measures and Predicting Changes to Output

We first explore which specific statistical distance measure is the best at predicting changes to the optimal objective
function values and optimal first stage decision variables values when stochastic input parameter probability distribu-
tions are changed. Table provides the mean squared error (MSE) and R? scores, calculated based on the difference
between the predicted output values and the actual output values in the test set. When using f, — f,, the prediction
algorithm with total variation distance (TVD) achieved both the lowest MSE and highest R? scores. Yet the Kullback-
Leibler divergence (KL) prediction algorithm was the best for |y; —y3|, and the Wasserstein distance (WD) prediction
algorithm was the best for [y} —y}|. While improvements in prediction can be achieved for all dependent variables
when considering all three statistical distance measures as independent variables, the improvement for predicting the
objective function values over just using the best measure is relatively small, whereas there is more value in using all
measures for predicting decision variable value changes.

Table 2: MSE and R? Values of the Random Forest Regression Models

Dependent Variable — fr—f [vs — 5] A
Method | MSE | R? | MSE | R? | MSE | R?
Wasserstein 046 | 096 | 0.1 | 0.58 | 0.03 | 0.87

Kullback-Leibler 0.36 | 097 | 0.01 | 095 | 0.04 | 0.85
Total variation distance | 0.22 | 0.98 0.1 0.58 | 0.04 | 0.82
All measures 0.08 | 099 | 0.01 | 0.97 | 0.02 | 0.89

To illustrate how well our prediction models can predict a stochastic model’s objective function, Figure I plots for the
test set, the actual objective function values pairwise difference to their predicted values. For the decision variables y»
and yq4, Figures [Z] and E] are confusion matrices with TP for true positive, FN for false negative, FP for false positive,
and TN for true negative. The predictions roughly follow the outputs from solving the stochastic optimization model.

Figure 2: Confusion matrix of |y; — y3| predictions with

Figure 1: Objective function values pairwise differences Kullback-Leibler

in the test set compared to their predicted values.

.y Predicted
; 2 =3 Made | Not Made
= Actual Made TP =80 FN=0
oo Not Made | FP=2 TN =74
-2
: Figure 3: Confusion matrix of |y; —y,| predictions with
0 20 40 60 80 100 120 140 160 Wasserstein
petepont . Predicted
Test Set Wasserstein |y4 - y4| Made Not Made

—— Kullback-Leibler Total Variation Distance

—— All Methods Actual

Made TP=60 | FN=0
NotMade | FP=5 TN =91

4.2 Independent Variables and Feature Importance

Next, we explore which specific independent variables have the most influence on predicting changes to the opti-
mization model’s outputs for the objective function and optimal decision variable values. We calculate and compare
the permutation feature importance scores for each independent variable, for their developed prediction models. The
permutation feature importance is a general method that calculates the expected loss when the feature is permuted to
its original value [[11]. Higher values mean that a feature has a more significant impact on the prediction.

In Table 3] the top four permutation importance scores are reported for each of the dependent variables. These results
are based on using the best performing prediction model for each dependent variable. For each of the dependent
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Table 3: The top four permutation features for each dependent variable using the Wasserstein prediction model.

fr— fv: Total Variation Distance | |y5 —y|: Kullback-Leibler [V — y4|: Wasserstein
Feature Importance Feature Importance Feature Importance
TVDy 1.65 KL, 1.67 WDy 1.75
TVD; 1.30 KL, 1.49 Gh3—Gys 0.01
TVD, 0.10 A3 — A 0.01 Gi;—Gl; 0.01
TVD, 0.07 =0 0.01 A —AY 0.01

variables, the highest permutation importance score is the statistical distance measure for a specific product. Thus,
using statistical distance measures as a way to predict changes to the objective function values and optimal decision
variables of stochastic optimization models has promise. For |y, —y}| and |y} — y}|, the top four permutation features
were a combination of statistical distance measures and changes to deterministic input parameters. While statistical
distance measures are useful in prediction of stochastic optimization model outputs, methods should not consider them
alone, but instead capture information about the stochastic optimization model. When predicting changes in whether
product 2 was made, the Kullback-Leibler divergence of product 1’s demand was the second most important feature.
This is due to the limited and shared resources captured in the model. When predicting optimal decision variable
values, input parameter information changes about the set of potential products can improve the prediction.

5. Conclusions and Future Work

We created a data-driven approach that uses random forest regression with different statistical distance measures
to predict how changes to stochastic parameters can estimate changes to a stochastic optimization model’s optimal
objective function and decision variable values. This is a preliminary work that considers a single optimization model,
further work can expand to varied models and also look at more statistical distance measures and cross-validate the
machine learning models. Such predictions can be used to guide targeted data collection and reoptimization decisions.
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